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1- Abstract, Motivation

 and Basic Results
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Question:

Can a quantum channel be inverted?
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Answer:

It is impossible.

Any channel decreases the distance between quantum states.



Can a quantum channel be quasi-inverted?
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How to measure the performance of a channel?
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How to define the Quasi-Inverse
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1) For qubit channels, the quasi-inverse is always a unitary map

2) It is almost unique.

3) It is both a left and a right quasi-inverse.

Basic Results:

4) It can be determined in closed form. 
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5) Much more difficult for higher dimensional 

channels.

6) Much much more difficult for classical  

channels.



2-Some detail and a few examples

Quasi-inversion of qubit channels: 

V. Karimipour, F. Benatti, and R. Floriannini, 


arXiv: arXiv:1909.06118 

https://arxiv.org/abs/1909.06118


Structure of qubit channels
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v1 = (1,�1,�1)
<latexit sha1_base64="R36jD19jsJWSt1xDwGrxcMomtJY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQctMFXQjFN24rGAf0A4lk2ba0ExmTDKFMvQ73LhQxK0f486/MdPOQlsP98LhnHvJzfEizpS27W8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kZ3qd8aU6lYKB71JKJugAeC+YxgbSR33HNuys7ZeVqnvWLJrtgzoGXiZKQEGeq94le3H5I4oEITjpXqOHak3QRLzQin00I3VjTCZIQHtGOowAFVbjI7eopOjNJHfihNC41m6u+NBAdKTQLPTAZYD9Wil4r/eZ1Y+9duwkQUayrI/CE/5kiHKE0A9ZmkRPOJIZhIZm5FZIglJtrkVDAhOItfXibNasW5qFQfLku12yyOPBzBMZTBgSuowT3UoQEEnuAZXuHNGlsv1rv1MR/NWdnOIfyB9fkDUhiP2Q==</latexit>

⇤ =

0

@
�1

�2

�3

1

A

<latexit sha1_base64="BvOB/s/kEDc67emNlw1tEVhl8Ps="></latexit>

Mary Beth Ruskai , Linear Algebra and its Applications 347 (2002) 159–187.
A. Fujiwara, P. Algoet, Phys. Rev. A 59,   3290–3294 (1999).



Average Fidelity of a Channel

| ih | = 1

2
(I + n · �)

<latexit sha1_base64="1xiTR54mOxNx7sL1pBSrG6WwPbU="></latexit>

E(| ih |) = 1

2
(I + r · �)

<latexit sha1_base64="h4o4PrCnWReutCIp5OWlWJoL2nE="></latexit>

=
1

2
(1 + n · r)

<latexit sha1_base64="1R12y5Sx8JwCDZJ/cJjh+eoYcmE=">AAACDHicbVDLSgMxFM34rPVVdekmWISKUGaqoBuh6MZlBfuAzlAymUwbmkmGJCOUYT7Ajb/ixoUibv0Ad/6N6XQW2nogcDjnXG7u8WNGlbbtb2tpeWV1bb20Ud7c2t7Zreztd5RIJCZtLJiQPR8pwignbU01I71YEhT5jHT98c3U7z4Qqajg93oSEy9CQ05DipE20qBSvXJDiXDqZGkjqzmnqeuHkGcuDoTOucxOTMqu2zngInEKUgUFWoPKlxsInESEa8yQUn3HjrWXIqkpZiQru4kiMcJjNCR9QzmKiPLS/JgMHhslgKGQ5nENc/X3RIoipSaRb5IR0iM1703F/7x+osNLL6U8TjTheLYoTBjUAk6bgQGVBGs2MQRhSc1fIR4hU442/ZVNCc78yYuk06g7Z/XG3Xm1eV3UUQKH4AjUgAMuQBPcghZoAwwewTN4BW/Wk/VivVsfs+iSVcwcgD+wPn8Ae16aoA==</latexit>

F
<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit>

n
<latexit sha1_base64="oOuTxjofY1FK6yHsiF77I7mZ60k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnawfhETNBuWKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny3OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieONnQiUpcsWWi8JUEozJ/HcyFJozlFNLKNPC3krYmGrK0CZUsiF4qy+vk3at6l1Vaw/1SuM2j6MIZ3AOl+DBNTTgHprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwAhJo9u</latexit>

r
<latexit sha1_base64="5jVC2OVzTgwrWmuCW/vWqgjQ0z4=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiR9kHZXdOOygn1AG8pkOmmHTiZhZiKU0I9w40IRt36PO//G6UNQ0QMXDufcy733BAlnSjvOh5Xb2Nza3snvFvb2Dw6PiscnHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G0+uF372nUrFY3OlZQv0IjwULGcHaSN1sEIRIzofFkmO7Zc+rucixG42GV6usiFOpI9d2lijBGq1h8X0wikkaUaEJx0r1XSfRfoalZoTTeWGQKppgMsVj2jdU4IgqP1ueO0cXRhmhMJamhEZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDut+xkSSairIalGYcqRjtPgdjZikRPOZIZhIZm5FZIIlJtokVDAhfH2K/iedsu1W7PJttdS8WseRhzM4h0twwYMm3EAL2kBgCg/wBM9WYj1aL9brqjVnrWdO4Qest0+75o/Z</latexit>



Average Fidelity of a Channel

=
1

2
(1 + n ·Mn+ n · t)

<latexit sha1_base64="Up8XfKOblZG1AOglYlan2Qo3PFo=">AAACI3icbVDLSsNAFJ3UV42vqEs3g0VQhJJUQRGEohs3goK1haaUyXRih04mYeZGKCH/4sZfceNCKW5c+C9OYxa+Dgyce8693LknSATX4LrvVmVmdm5+obpoLy2vrK456xu3Ok4VZS0ai1h1AqKZ4JK1gINgnUQxEgWCtYPR+dRv3zOleSxvYJywXkTuJA85JWCkvnNy6oeK0MzLs0a+6+1nfhBimft0EAO+LKsfql0UkO/1nZpbdwvgv8QrSQ2VuOo7E38Q0zRiEqggWnc9N4FeRhRwKlhu+6lmCaEjcse6hkoSMd3LihtzvGOUAQ5jZZ4EXKjfJzISaT2OAtMZERjq395U/M/rphAe9zIukxSYpF+LwlRgiPE0MDzgilEQY0MIVdz8FdMhMZmBidU2IXi/T/5Lbht176DeuD6sNc/KOKpoC22jXeShI9REF+gKtRBFD+gJvaBX69F6tibW21drxSpnNtEPWB+fawKjhA==</latexit>

1
2 (1 + n · r)

<latexit sha1_base64="CqZiccUlZh+L1nw2mPj793LXG6k=">AAACC3icbZDLSsNAFIYn9VbrLerSzdAitAglqQtdVgVxWcFeoAllMp20QyeTMDMRSsjejY/gK7hxoYhbX8Cdb+DaJ3CadqGtPwx8/OcczpzfixiVyrI+jdzS8srqWn69sLG5tb1j7u61ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NLib19i0Rkob8Ro0j4gZowKlPMVLa6plFxxcIJ3aa1NKyfZQ4ng956uB+qDIWaaVnlqyqlQkugj2DUr1iXX59P5w1euaH0w9xHBCuMENSdm0rUm6ChKKYkbTgxJJECI/QgHQ1chQQ6SbZLSk81E4f+qHQjyuYub8nEhRIOQ483RkgNZTztYn5X60bK//UTSiPYkU4ni7yYwZVCCfBwD4VBCs21oCwoPqvEA+RDkfp+Ao6BHv+5EVo1ar2cbV2bZfq52CqPDgARVAGNjgBdXAFGqAJMLgDj+AZvBj3xpPxarxNW3PGbGYf/JHx/gPC8Z3t</latexit>

Z
dn ni = 0

<latexit sha1_base64="p8e0v3HZk/W2NE2Y4xwTnHh1/w0=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkpSBd0IRTcuK9gHNCFMJpN26GQSZiZCCQV/xY0LRdz6He78G6dtFtp6YOBwzr3cMydIOVPatr+t0srq2vpGebOytb2zu1fdP+ioJJOEtknCE9kLsKKcCdrWTHPaSyXFccBpNxjdTv3uI5WKJeJBj1PqxXggWMQI1kbyq0cuExqFuRtESEyQi4TPrm2/WrPr9gxomTgFqUGBll/9csOEZDEVmnCsVN+xU+3lWGpGOJ1U3EzRFJMRHtC+oQLHVHn5LP4EnRolRFEizTNhZurvjRzHSo3jwEzGWA/VojcV//P6mY6uvJyJNNNUkPmhKONIJ2jaBQqZpETzsSGYSGayIjLEEhNtGquYEpzFLy+TTqPunNcb9xe15k1RRxmO4QTOwIFLaMIdtKANBHJ4hld4s56sF+vd+piPlqxi5xD+wPr8AZO9lJU=</latexit>

Z
dn ninj =

1

3
�ij

<latexit sha1_base64="h9WfMNS9WZ4Wxc3IKnxixMNGo10=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiuQtIKuhGKblxWsA9oQphMJu20k0mYmQgl5C/c+CtuXCjiVnf+jdM2C209cOFwzr3ce0+QMiqVbX8bK6tr6xubla3q9s7u3r55cNiRSSYwaeOEJaIXIEkY5aStqGKklwqC4oCRbjC+mfrdByIkTfi9mqTEi9GA04hipLTkm5ZLuYJh7gYR5AV0IfeprtGVGwmEc6fIG4UbEqaQn9NR4Zs127JngMvEKUkNlGj55pcbJjiLCVeYISn7jp0qL0dCUcxIUXUzSVKEx2hA+ppyFBPp5bO/CniqlRBGidClr5ypvydyFEs5iQPdGSM1lIveVPzP62cquvRyytNMEY7ni6KMQZXAaUgwpIJgxSaaICyovhXiIdKBKB1lVYfgLL68TDp1y2lY9bvzWvO6jKMCjsEJOAMOuABNcAtaoA0weATP4BW8GU/Gi/FufMxbV4xy5gj8gfH5A4uAn5I=</latexit>

F (E) =
1

2
(1 +

1

3
Tr(M))

<latexit sha1_base64="XUYW4FCL+SlQBSmakRSXMW6gaic=">AAACGHicbVDNS8MwHE3n15xfVY9eikPoEGa7CXoRhqJ4ESbsC9Yy0izdwtKmJKkwSv8ML/4rXjwo4nU3/xuzrYhOHwRe3vs9kt/zIkqEtKxPLbe0vLK6ll8vbGxube/ou3stwWKOcBMxynjHgwJTEuKmJJLiTsQxDDyK297oauq3HzAXhIUNOY6wG8BBSHyCoFRSTz9xmLKn6eQmNa9LF47PIUrsNKmkpn38faumDW7elUo9vWiVrRmMv8TOSBFkqPf0idNnKA5wKBGFQnRtK5JuArkkiOK04MQCRxCN4AB3FQ1hgIWbzBZLjSOl9A2fcXVCaczUn4kEBkKMA09NBlAOxaI3Ff/zurH0z92EhFEscYjmD/kxNSQzpi0ZfcIxknSsCEScqL8aaAhVF1J1WVAl2Isr/yWtStmuliv3p8XaZVZHHhyAQ2ACG5yBGrgFddAECDyCZ/AK3rQn7UV71z7mozkty+yDX9AmX90Qnv4=</latexit>



=

(M, t)
<latexit sha1_base64="CThVXhwxsBFqP1YslPwbP+VbUCQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBEqSEmqoMeiFy9CBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0gE1+g439bK6tr6xmZhq7i9s7u3Xzo4bOo4VZR5NBaxagdEM8El85CjYO1EMRIFgrWC0e3Ubz0xpXksH3GcMD8iA8lDTgkayavcn+NZr1R2qs4M9jJxc1KGHI1e6avbj2kaMYlUEK07rpOgnxGFnAo2KXZTzRJCR2TAOoZKEjHtZ7NjJ/apUfp2GCtTEu2Z+nsiI5HW4ygwnRHBoV70puJ/XifF8NrPuExSZJLOF4WpsDG2p5/bfa4YRTE2hFDFza02HRJFKJp8iiYEd/HlZdKsVd2Lau3hsly/yeMowDGcQAVcuII63EEDPKDA4Rle4c2S1ov1bn3MW1esfOYI/sD6/AGprI3u</latexit>

(N, t0)
<latexit sha1_base64="7j+KAXZkH5Mtt1hN0kadWWjDzTo=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJWkLJbBT0WvXiSCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5RpZkUD2YUUz/CfcFCRrCxUqN0d2ZOTruFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIRXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsuV+4ti9TqLIweHcAQl8OASqnALNagDgUd4hld4c6Tz4rw7H7PWJSebOYA/cD5/AAyHjiA=</latexit>

(NM,Nt+ t0)
<latexit sha1_base64="YWna/RiasbmQbxU2QFLKvX5ekTY=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBaxopSkCnosevFiqWA/sA1ls920SzebsDsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz87xIcA22/W1llpZXVtey67mNza3tnfzuXkOHsaKsTkMRqpZHNBNcsjpwEKwVKUYCT7CmN7yZ+M0npjQP5QOMIuYGpC+5zykBIz0Wq3dnVTiF45NuvmCX7CnwInFSUkApat38V6cX0jhgEqggWrcdOwI3IQo4FWyc68SaRYQOSZ+1DZUkYNpNpheP8ZFRetgPlSkJeKr+nkhIoPUo8ExnQGCg572J+J/XjsG/chMuoxiYpLNFfiwwhHjyPu5xxSiIkSGEKm5uxXRAFKFgQsqZEJz5lxdJo1xyzkvl+4tC5TqNI4sO0CEqIgddogq6RTVURxRJ9Ixe0ZulrRfr3fqYtWasdGYf/YH1+QOEn4+C</latexit>

F (Eqi � E) = 1
2 (1 +

1
3Tr(N0M))

<latexit sha1_base64="DT6GzGiYUagQcpZoHmSkHyjof2Y="></latexit>



Theorem: The quasi-inverse of a qubit channel is unitary. 

F (E) =

Z
d�h�|E(⇢)|�i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F (
X

i

�iEi) =
X

i

�iF (Ei)
<latexit sha1_base64="zepGPCI1ywY1/LMMfb0StnSGjG0=">AAACPHicbVBLS8NAGNz4rPUV9ehlsQj1UpIq6EUoiuKxon1AE8Jms2mXbh7sboQS8sO8+CO8efLiQRGvnt20OfThwMIw883ufuPGjAppGG/a0vLK6tp6aaO8ubW9s6vv7bdFlHBMWjhiEe+6SBBGQ9KSVDLSjTlBgctIxx1e537niXBBo/BRjmJiB6gfUp9iJJXk6A9WpOw8nd5mVUskgUOhxdQFHlIstTBi8CZz6MnlgjkTnZp09IpRM8aAi8QsSAUUaDr6q+VFOAlIKDFDQvRMI5Z2irikmJGsbCWCxAgPUZ/0FA1RQISdjpfP4LFSPOhHXJ1QwrE6nUhRIMQocNVkgORAzHu5+J/XS6R/Yac0jBNJQjx5yE8YlBHMm4Qe5QRLNlIEYU7VXyEeII6wVH2XVQnm/MqLpF2vmae1+v1ZpXFV1FECh+AIVIEJzkED3IEmaAEMnsE7+ARf2ov2oX1rP5PRJa3IHIAZaL9/MHmupg==</latexit>

Observation 1: 



Observation 2: The quasi inverse can be chosen to be unital.

(N,t) is a channel (N,0) is also a channel

Eqi = (N0, 0)
<latexit sha1_base64="yGp0TTnRgPBMd5TJmLpaTV1sErE=">AAAB9XicbVDLSsNAFL2pr1pfVZduQotQUUpSF7oRiiK4kgr2AW1aJtNJO3QyiTMTJYT+hQs3LhRx67+46984fSy09cCFwzn3cu89bsioVJY1MlJLyyura+n1zMbm1vZOdnevJoNIYFLFAQtEw0WSMMpJVVHFSCMUBPkuI3V3cDX2649ESBrwexWHxPFRj1OPYqS01L5uJw90eFG47Vgn1lEnm7eK1gTmIrFnJF/OtY6fR+W40sl+t7oBjnzCFWZIyqZthcpJkFAUMzLMtCJJQoQHqEeamnLkE+kkk6uH5qFWuqYXCF1cmRP190SCfClj39WdPlJ9Oe+Nxf+8ZqS8cyehPIwU4Xi6yIuYqQJzHIHZpYJgxWJNEBZU32riPhIIKx1URodgz7+8SGqlon1aLN3Z+fIlTJGGA8hBAWw4gzLcQAWqgEHAC7zBu/FkvBofxue0NWXMZvbhD4yvH7gilFI=</latexit>

Eqi = (N0, t)
<latexit sha1_base64="8dnt5fODous0YSzyKP5eIn5OK1k=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJJUQS9CUQRPUsF+QJuWzXbTLt1s4u5GKaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzPMizpS27W9rYXFpeWU1s5Zd39jc2s7t7NZUGEtCqyTkoWx4WFHOBK1qpjltRJLiwOO07g2uxn79kUrFQnGvhxF1A9wTzGcEayO1r9vJAxtdFG479rE+6uTydtGeAM0TJyV5SFHp5L5a3ZDEARWacKxU07Ej7SZYakY4HWVbsaIRJgPco01DBQ6ocpPJ1SN0aJQu8kNpSmg0UX9PJDhQahh4pjPAuq9mvbH4n9eMtX/uJkxEsaaCTBf5MUc6ROMIUJdJSjQfGoKJZOZWRPpYYqJNUFkTgjP78jyplYrOSbF0d5ovX6ZxZGAfDqAADpxBGW6gAlUgIOEZXuHNerJerHfrY9q6YKUze/AH1ucPBIyRig==</latexit>

This is only true for quit channels.

⇢ =
1

2
(1 + r · �)

<latexit sha1_base64="uq1FhrqFHUC8JqBKRVI7S8eqK/4=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCCWpgm6EohuXFewDmlAm00k7dCYTZiZCCfkEN/6KGxeKuHXpzr9x2mahrQcuHM65l3vvCWJGlXacb6uwtLyyulZcL21sbm3v2Lt7LSUSiUkTCyZkJ0CKMBqRpqaakU4sCeIBI+1gdDPx2w9EKiqiez2Oic/RIKIhxUgbqWcfe3IorrxQIpy6WVrLKu5p6gUhlJmH+0JDT9EBRyc9u+xUnSngInFzUgY5Gj37y+sLnHASacyQUl3XibWfIqkpZiQreYkiMcIjNCBdQyPEifLT6UMZPDJKH4ZCmoo0nKq/J1LElRrzwHRypIdq3puI/3ndRIeXfkqjONEkwrNFYcKgFnCSDuxTSbBmY0MQltTcCvEQmXC0ybBkQnDnX14krVrVPavW7s7L9es8jiI4AIegAlxwAergFjRAE2DwCJ7BK3iznqwX6936mLUWrHxmH/yB9fkDnY2cUA==</latexit>

⇢ =
1

2
(1� r · �)

<latexit sha1_base64="zqB8AT7SoS7huupn9M7GtXUR9FY=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsC0tSBd0IRTcuK9gHNKFMppN26EwmzEyEEvIJbvwVNy4UcevSnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3WkokEpMmFkzIToAUYTQiTU01I51YEsQDRtrB6Gbitx+IVFRE93ocE5+jQURDipE2Us8+9uRQXHmhRDh1s7SWVdzT1AtCKDMP94WGnqIDjk56dtmpOlPAReLmpAxyNHr2l9cXOOEk0pghpbquE2s/RVJTzEhW8hJFYoRHaEC6hkaIE+Wn04cyeGSUPgyFNBVpOFV/T6SIKzXmgenkSA/VvDcR//O6iQ4v/ZRGcaJJhGeLwoRBLeAkHdinkmDNxoYgLKm5FeIhMuFok2HJhODOv7xIWrWqe1at3Z2X69d5HEVwAA5BBbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHoL2cUg==</latexit>



⇢ =
1

3

h
1�

0

@
1

1
�2

1

A
i

<latexit sha1_base64="nvktPOg2Q/DE6nmrkQ/rxz86Slc="></latexit>

⇢ =
1

3
(I + r�z)

<latexit sha1_base64="bAtVPoSppnSeBBzXC/+t3423J6E=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWoCCVpBd0IRRfqroJ9QBPCZDpph85kwsxEqCErN/6KGxeKuPUb3Pk3Th8LbT1w4XDOvdx7TxBTIpVtfxu5hcWl5ZX8amFtfWNzy9zeaUqeCIQbiFMu2gGUmJIINxRRFLdjgSELKG4Fg8uR37rHQhIe3alhjD0GexEJCYJKS76574o+P3dDAVHqZGk1K90cC/cKMgb9hyPfLNplewxrnjhTUgRT1H3zy+1ylDAcKUShlB3HjpWXQqEIojgruInEMUQD2MMdTSPIsPTS8RuZdaiVrhVyoStS1lj9PZFCJuWQBbqTQdWXs95I/M/rJCo881ISxYnCEZosChNqKW6NMrG6RGCk6FATiATRt1qoD3UkSidX0CE4sy/Pk2al7FTLlduTYu1iGkce7IEDUAIOOAU1cA3qoAEQeATP4BW8GU/Gi/FufExac8Z0Zhf8gfH5AzQumE4=</latexit>

r = �1
<latexit sha1_base64="R7VJHyOcILhDrKHjTdbWRieZjtc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfQiFL14rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKX+Z0nqjSL5KOZxtQXeCRZyAg2maRuLrxBueJW3TnQKvFyUoEczUH5qz+MSCKoNIRjrXueGxs/xcowwums1E80jTGZ4BHtWSqxoNpP57fO0JlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhNe+ymTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadkQ/CWX14l7VrVq1drD5eVxm0eRxFO4BTOwYMraMA9NKEFBMbwDK/w5gjnxXl3PhatBSefOYY/cD5/ADoojbM=</latexit>

r = 1� 1

2
<latexit sha1_base64="96qAQFZzacj/m2oYCivfDSPBh64=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXixJK+hFKHrxWMF+QBvKZrtpl242YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkxZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uR25nceqVQsEg96GlMvxCPBAkawNtLALstr97wfSExSN0tr2cCuOFVnDrRK3JxUIEdzYH/1hxFJQio04VipnuvE2kux1IxwmpX6iaIxJhM8oj1DBQ6p8tL54Rk6NcoQBZE0JTSaq78nUhwqNQ190xliPVbL3kz8z+slOrjyUibiRFNBFouChCMdoVkKaMgkJZpPDcFEMnMrImNsUtAmq5IJwV1+eZW0a1W3Xq3dX1QaN3kcRTiGEzgDFy6hAXfQhBYQSOAZXuHNerJerHfrY9FasPKZI/gD6/MH65GSnQ==</latexit>
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<latexit sha1_base64="slsWhEPe6cDf7NFEZJ5ONWRDBds="></latexit>
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<latexit sha1_base64="nvktPOg2Q/DE6nmrkQ/rxz86Slc="></latexit>

r = +1
<latexit sha1_base64="LWujDqVjCnfGE+KHaE9sNFc63Xc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBEMpuK+hFKHrxWMF+QLuUbJptQ5PskmSFsvQvePGgiFf/kDf/jdl2D9r6YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQu8ztPVGkWyUczjakv8EiykBFsMkndXHiDcsWtunOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfzm+doTOrDFEYKVvSoLn6eyLFQuupCGynwGasl71M/M/rJSa89lMm48RQSRaLwoQjE6HscTRkihLDp5Zgopi9FZExVpgYG0/JhuAtv7xK2rWqV6/WHi4rjds8jiKcwCmcgwdX0IB7aEILCIzhGV7hzRHOi/PufCxaC04+cwx/4Hz+ADcejbE=</latexit>



Observation 3:  Only for qubits, 

any unital channel is a random unitary channel.

Eqi(⇢) =
X

i

Pi Ui⇢U
†
i

<latexit sha1_base64="JuubPkJtzeyEp6iuhFnoj4VxaOc=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmqoBuhKILLCqYtNGmYTCbp0MnDmYlQQr/Cjb/ixoUibsWdf+Ok7UJbD8zcwzn3MnOPlzIqpGF8awuLS8srq6W18vrG5ta2vrPbEknGMbFwwhLe8ZAgjMbEklQy0kk5QZHHSNsbXBV++4FwQZP4Tg5T4kQojGlAMZJKcvXj615+T0dVm/eTowtbZJFLYdOlNoSWupVa1J7tozAk3NUrRs0YA84Tc0oqYIqmq3/ZfoKziMQSMyRE1zRS6eSIS4oZGZXtTJAU4QEKSVfRGEVEOPl4rRE8VIoPg4SrE0s4Vn9P5CgSYhh5qjNCsi9mvUL8z+tmMjh3chqnmSQxnjwUZAzKBBYZQZ9ygiUbKoIwp+qvEPcRR1iqJMsqBHN25XnSqtfMk1r99rTSuJzGUQL74ABUgQnOQAPcgCawAAaP4Bm8gjftSXvR3rWPSeuCNp3ZA3+gff4A0kqeiQ==</latexit>

Eqi =
X

i

Pi Ui

<latexit sha1_base64="GddAJljkx0UORS0mI0kcTLqOm8o=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSyCp5JUQS9CUQSPFUxbaGLYbDft0t0k7m6EEnLz4l/x4kERr/4Fb/4bt20O2vpg4PHeDDPzgoRRqSzr2ygtLC4tr5RXK2vrG5tb5vZOS8apwMTBMYtFJ0CSMBoRR1HFSCcRBPGAkXYwvBz77QciJI2jWzVKiMdRP6IhxUhpyTf3r+6ye5qfuzLlPoVNn7owczFiEDq5T32zatWsCeA8sQtSBQWavvnl9mKcchIpzJCUXdtKlJchoShmJK+4qSQJwkPUJ11NI8SJ9LLJHzk81EoPhrHQFSk4UX9PZIhLOeKB7uRIDeSsNxb/87qpCs+8jEZJqkiEp4vClEEVw3EosEcFwYqNNEFYUH0rxAMkEFY6uooOwZ59eZ606jX7uFa/Oak2Loo4ymAPHIAjYINT0ADXoAkcgMEjeAav4M14Ml6Md+Nj2loyipld8AfG5w/JUZib</latexit>

K. Audenaert, and S. Scheel, On Random Unitary Channels, New J. Phys. 10, 023011 (2008).

E(⇢) = 1

j(j + 1)

�
Jx⇢Jx + Jy⇢Jy + Jz⇢Jz

�

<latexit sha1_base64="qW88BPyMtzKGdt8WUh0fmwbFCuQ="></latexit>

It is not true in higher dimensions.

L. J. Landau and R. F. Streater, Lin. Algebra Appl. 193, 107 (1993)



F (
X

i

pi Ui � E) � F (E)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F (Umax � E) � F (E)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The quasi-inverse of a qubit channel is a unitary channel. 



Example 1: The Pauli Channel

E(⇢) = p0 + p1�x⇢�x + p2�y⇢�y + p3�z⇢�z
<latexit sha1_base64="WKQ7Yq6oCWZi3DSfS7ECLqU2NDM=">AAACRnicbVBNS8MwGH47v+b8mnr0EhzCRBjtJuhFEEXwqOB0sJaSZtkWTNuQpGIt+3VePHvzJ3jxoIhXs1nEbT4QeD7elyRPIDhT2rZfrMLM7Nz8QnGxtLS8srpWXt+4VnEiCW2SmMeyFWBFOYtoUzPNaUtIisOA05vg9nSY39xRqVgcXelUUC/EvYh1GcHaWH7ZO6u6sh/vHgnf3hO+4yrWC7F/j4Yu+lV7SPj1XKVjWTrKGrl6GMse/HLFrtkjoGni5KQCOS788rPbiUkS0kgTjpVqO7bQXoalZoTTQclNFBWY3OIebRsa4ZAqLxvVMEA7xumgbizNiTQauX83MhwqlYaBmQyx7qvJbGj+l7UT3T30MhaJRNOI/FzUTTjSMRp2ijpMUqJ5aggmkpm3ItLHEhNtmi+ZEpzJL0+T63rNadTql/uV45O8jiJswTZUwYEDOIZzuIAmEHiEV3iHD+vJerM+ra+f0YKV72zCGArwDYqPsBo=</latexit>

F (E) = 1
3 (1 + 2p0)

<latexit sha1_base64="92bGNrXaLQ3Ch0KyXRq53Bp4aMk="></latexit>

F (Eqi � E) = 1
3 (1 + 2pmax)

<latexit sha1_base64="Av+QjJ+lJMTbeHW/w7isoPgChI8="></latexit>

U = �max
<latexit sha1_base64="SK6plCpUQLpo/qNW4NSjE1zaD7I=">AAAB9XicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQRQmwsE3CTQLKG2clsMmRmd5mZVcOS/7CxUMRO/Am/wM7Gb3HyKDTxwIXDOfdy7z1+zJnStv1lZZaWV1bXsuu5jc2t7Z387l5dRYkk1CURj2TTx4pyFlJXM81pM5YUC5/Thj+4HPuNWyoVi8JrPYypJ3AvZAEjWBvpxr1oK9YTuJMKfD/q5At20Z4ALRJnRgrlg9o3e6t8VDv5z3Y3IomgoSYcK9Vy7Fh7KZaaEU5HuXaiaIzJAPdoy9AQC6q8dHL1CB0bpYuCSJoKNZqovydSLJQaCt90Cqz7at4bi/95rUQH517KwjjRNCTTRUHCkY7QOALUZZISzYeGYCKZuRWRPpaYaBNUzoTgzL+8SOqlonNaLNWcQrkCU2ThEI7gBBw4gzJcQRVcICDhAZ7g2bqzHq0X63XamrFmM/vwB9b7D5PmlkQ=</latexit>

U  is one of the Kraus operators.



Example 2: The Amplitude Damping Channel

E(⇢) = A0⇢A
†
0 +A1⇢A

†
1

<latexit sha1_base64="M0UnaaYzLo/ATu9DflSpIJEmb/8=">AAACGnicbVDLSgMxFM34rPU16lIXwUGoCGVSFwoiVEVwWcE+sK1DJpNpQzMPkoxQhn6DSzd+gr/gxoUi7sSNf2P6ELT1QMjJOfdyc48bcyaVbX8ZU9Mzs3PzmYXs4tLyyqq5tl6RUSIILZOIR6LmYkk5C2lZMcVpLRYUBy6nVbdz1vert1RIFoVXqhvTZoBbIfMZwUpLjonOcw3RjnaPTxy7T6C+bxoebrWogHv6hUYq+lEd07Lz9gBwkqARsYrW3ZF3vfVYcsyPhheRJKChIhxLWUd2rJopFooRTnvZRiJpjEkHt2hd0xAHVDbTwWo9uKMVD/qR0CdUcKD+7khxIGU3cHVlgFVbjnt98T+vnij/sJmyME4UDclwkJ9wqCLYzwl6TFCieFcTTATTf4WkjQUmSqeZ1SGg8ZUnSaWQR/v5wiWyiqdgiAzYBNsgBxA4AEVwAUqgDAi4B0/gBbwaD8az8Wa8D0unjFHPBvgD4/Mb6g6hQA==</latexit>

A1 =

✓
0

p
1� �2

0 0

◆

<latexit sha1_base64="yxbvAz049gZczdZWKcmVRbu5vlc="></latexit>

F (EAD) = 1
2 + 1

6�
2 + 1

3�
<latexit sha1_base64="zwOMsmczWweY+driBosykdRhE8A="></latexit>

F (Eqi � EAD) = 1
2 + 1

6�
2 � 1

3�
<latexit sha1_base64="0D3/T7PSQZz1hxd5vNGGOhRGuBk="></latexit>

U = �z
<latexit sha1_base64="40iZh7An6cp1ETpLYUvz8MMPE1U=">AAAB8XicbZDLSgMxFIbPeK31VhXcuAkWwVWZqQvdCKVuXLbgtMV2KJk0bUOTzJBkhDr0Ldy4UMSt+BY+gTs3PovpZaGtPwQ+/v8ccs4JY860cd0vZ2l5ZXVtPbOR3dza3tnN7e3XdJQoQn0S8Ug1QqwpZ5L6hhlOG7GiWISc1sPB1Tiv31GlWSRvzDCmgcA9ybqMYGOtW/+ypVlP4PZ9O5d3C+5EaBG8GeRLh9Vv9l7+qLRzn61ORBJBpSEca9303NgEKVaGEU5H2VaiaYzJAPdo06LEguognUw8QifW6aBupOyTBk3c3x0pFloPRWgrBTZ9PZ+Nzf+yZmK6F0HKZJwYKsn0o27CkYnQeH3UYYoSw4cWMFHMzopIHytMjD1S1h7Bm195EWrFgndWKFa9fKkMU2XgCI7hFDw4hxJcQwV8ICDhAZ7g2dHOo/PivE5Ll5xZzwH8kfP2A0DglFg=</latexit>

A0 =

✓
1 0
0 �

◆

<latexit sha1_base64="mRFOsKj/ndAkPKhnVb3fn3J/GLQ="></latexit>



x
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

y
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

z
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

y
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

z
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F (EAD)
<latexit sha1_base64="SK27ETrvnylq9ixGK1/d+hMzgH0=">AAACBHicbVDLSsNAFJ34rPUVddnN0CJUhJLUhS7jE5cV7AOaECbTaTt08mBmIoSQhRu/wH9w40IRt36Eu/6Nk7YLbT0wcDjnHu7c40WMCmkYY21peWV1bb2wUdzc2t7Z1ff2WyKMOSZNHLKQdzwkCKMBaUoqGelEnCDfY6TtjS5zv/1AuKBhcC+TiDg+GgS0TzGSSnL1kh0qO0+nN1k1tTFi8Dpz0/Or7MjVK0bNmAAuEnNGKlbZPn4eW0nD1b/tXohjnwQSMyRE1zQi6aSIS4oZyYp2LEiE8AgNSFfRAPlEOOnkiAweKqUH+yFXL5Bwov5OpMgXIvE9NekjORTzXi7+53Vj2T9zUhpEsSQBni7qxwzKEOaNwB7lBEuWKIIwp+qvEA8RR1iq3oqqBHP+5EXSqtfMk1r9zqxYF2CKAiiBMqgCE5wCC9yCBmgCDB7BC3gD79qT9qp9aJ/T0SVtljkAf6B9/QBZPZrd</latexit>

F (Eqi � EAD)
<latexit sha1_base64="qOYzqSGHQeNAL1dgXH7y/0YTxBc=">AAACFnicbVDLSgMxFM3UV62vUZduQotQEctMXeiyPnFZwT6gU0smTdvQzMMkI5QwX6ELf8WNC0Xcirv+jZm2grYeCBzOuYebe9yQUSEta2ik5uYXFpfSy5mV1bX1DXNzqyqCiGNSwQELeN1FgjDqk4qkkpF6yAnyXEZqbv8s8Wv3hAsa+DdyEJKmh7o+7VCMpJZa5oETaDtJq8s4rxyMGLyIb9UdjR1MOf5RWurkPN5rmTmrYI0AZ4k9IblS1tl/HJYG5Zb55bQDHHnEl5ghIRq2FcqmQlxSzEiccSJBQoT7qEsamvrII6KpRmfFcFcrbdgJuH6+hCP1d0IhT4iB5+pJD8memPYS8T+vEcnOcVNRP4wk8fF4USdiUAYw6Qi2KSdYsoEmCHOq/wpxD3GEpW4yo0uwp0+eJdViwT4sFK/tXOkUjJEGOyAL8sAGR6AErkAZVAAGD+AZvII348l4Md6Nj/FoyphktsEfGJ/fsTOipw==</latexit>



Example 3: The Tetrahedron Channel

E(⇢) = q⇢ +
3X

↵=0

P↵ �↵ ⇢ �↵

<latexit sha1_base64="F/sUIZ4/Hq3SFpPyZFnnNaQEHfM="></latexit>

p0 = p3 = p
<latexit sha1_base64="Q4nyvwLuyiBoSZfj7ezfdfjb05A=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ltBb0IRS8eK9gPaZeSTbNtaJINSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMixRnxvr+t5dbW9/Y3MpvF3Z29/YPiodHTZOkmtAGSXii2xE2lDNJG5ZZTttKUywiTlvR6Hbmt56oNiyRD3asaCjwQLKYEWyd9Kh6/rXqVV0VS37ZnwOtkiAjJchQ7xW/uv2EpIJKSzg2phP4yoYTrC0jnE4L3dRQhckID2jHUYkFNeFkfvAUnTmlj+JEu5IWzdXfExMsjBmLyHUKbIdm2ZuJ/3md1MZX4YRJlVoqyWJRnHJkEzT7HvWZpsTysSOYaOZuRWSINSbWZVRwIQTLL6+SZqUcVMuV+4tS7SaLIw8ncArnEMAl1OAO6tAAAgKe4RXePO29eO/ex6I152Uzx/AH3ucP0WCPww==</latexit>

p1 = p2 = p0
<latexit sha1_base64="50054NockPIiGRBp9UmwgoBuyU0=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ6KrtV0Euh6MVjBfuB7bJk02wbms2GJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCyVn2rjut7Oyura+sVnYKm7v7O7tlw4OWzpJFaFNkvBEdUKsKWeCNg0znHakojgOOW2Ho9up336iSrNEPJixpH6MB4JFjGBjpUcZeDUZVGvyLCiV3Yo7A1omXk7KkKMRlL56/YSkMRWGcKx113Ol8TOsDCOcToq9VFOJyQgPaNdSgWOq/Wx28QSdWqWPokTZEgbN1N8TGY61Hseh7YyxGepFbyr+53VTE137GRMyNVSQ+aIo5cgkaPo+6jNFieFjSzBRzN6KyBArTIwNqWhD8BZfXiatasW7qFTvL8v1mzyOAhzDCZyDB1dQhztoQBMICHiGV3hztPPivDsf89YVJ585gj9wPn8ANG6P9A==</latexit>

v0 = (1, 1, 1)
<latexit sha1_base64="bl/VogbjDVarjt2yei+PcwQSVN0=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBItQQcpMFXQjFN24rGAfMB1KJs20oZlkSDKFUvoZblwo4tavceffmLaz0NYTAodz7uXee8KEM21c99vJra1vbG7ltws7u3v7B8XDo6aWqSK0QSSXqh1iTTkTtGGY4bSdKIrjkNNWOLyf+a0RVZpJ8WTGCQ1i3BcsYgQbK/mjrntb9i7sO+8WS27FnQOtEi8jJchQ7xa/Oj1J0pgKQzjW2vfcxAQTrAwjnE4LnVTTBJMh7lPfUoFjqoPJfOUpOrNKD0VS2S8Mmqu/OyY41noch7Yyxmagl72Z+J/npya6CSZMJKmhgiwGRSlHRqLZ/ajHFCWGjy3BRDG7KyIDrDAxNqWCDcFbPnmVNKsV77JSfbwq1e6yOPJwAqdQBg+uoQYPUIcGEJDwDK/w5hjnxXl3PhalOSfrOYY/cD5/AHj7j2o=</latexit>

v3 = (�1,�1, 1)
<latexit sha1_base64="kFnBYThNJyc8748zlUP8Dn3qItw=">AAAB9HicbVDLSgMxFL1TX7U+WnXpJliEClpmWkE3QtGNywr2Ae1QMmmmDc1kxiRTKEO/w40LRdz6Me78G9N2Ftp6uBcO59xLbo4Xcaa0bX9bmbX1jc2t7HZuZ3dvP184OGyqMJaENkjIQ9n2sKKcCdrQTHPajiTFgcdpyxvdzfzWmErFQvGoJxF1AzwQzGcEayO54171pnThnJtyznqFol2250CrxElJEVLUe4Wvbj8kcUCFJhwr1XHsSLsJlpoRTqe5bqxohMkID2jHUIEDqtxkfvQUnRqlj/xQmhYazdXfGwkOlJoEnpkMsB6qZW8m/ud1Yu1fuwkTUaypIIuH/JgjHaJZAqjPJCWaTwzBRDJzKyJDLDHRJqecCcFZ/vIqaVbKTrVcebgs1m7TOLJwDCdQAgeuoAb3UIcGEHiCZ3iFN2tsvVjv1sdiNGOlO0fwB9bnD1Uuj9s=</latexit>

v2 = (�1, 1,�1)
<latexit sha1_base64="Qa0go1z6js3EGI1p4NwykyFlAIU=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQIQk7UdCLEPTiMYJ5QLKE2clsMmT24cxsICz5Di8eFPHqx3jzb5wke9DEgoaiqpvuLjcSXGnb/rYya+sbm1vZ7dzO7t7+Qf7wqKnCWFLWoKEIZdsligkesIbmWrB2JBnxXcFa7uhu5rfGTCoeBo96EjHHJ4OAe5wSbSRn3KveFMu4hEtlfN7LF+yKPQdaJTglBUhR7+W/uv2Qxj4LNBVEqQ62I+0kRGpOBZvmurFiEaEjMmAdQwPiM+Uk86On6MwofeSF0lSg0Vz9PZEQX6mJ75pOn+ihWvZm4n9eJ9betZPwIIo1C+hikRcLpEM0SwD1uWRUi4khhEpubkV0SCSh2uSUMyHg5ZdXSbNawReV6sNloXabxpGFEziFImC4ghrcQx0aQOEJnuEV3qyx9WK9Wx+L1oyVzhzDH1ifP1Ojj9o=</latexit>

v1 = (1,�1,�1)
<latexit sha1_base64="R36jD19jsJWSt1xDwGrxcMomtJY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQctMFXQjFN24rGAf0A4lk2ba0ExmTDKFMvQ73LhQxK0f486/MdPOQlsP98LhnHvJzfEizpS27W8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kZ3qd8aU6lYKB71JKJugAeC+YxgbSR33HNuys7ZeVqnvWLJrtgzoGXiZKQEGeq94le3H5I4oEITjpXqOHak3QRLzQin00I3VjTCZIQHtGOowAFVbjI7eopOjNJHfihNC41m6u+NBAdKTQLPTAZYD9Wil4r/eZ1Y+9duwkQUayrI/CE/5kiHKE0A9ZmkRPOJIZhIZm5FZIglJtrkVDAhOItfXibNasW5qFQfLku12yyOPBzBMZTBgSuowT3UoQEEnuAZXuHNGlsv1rv1MR/NWdnOIfyB9fkDUhiP2Q==</latexit>



1

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3

10
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3

10
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3

16
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3

16
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V = e+ · �
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V = e� · �
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V = I
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Example 4: A Mixed Unitary Channel

E(⇢) = p0⇢+ p
3X

n=1

Un⇢U
†
n

<latexit sha1_base64="trsSuD0zSiT951NguWEr93lkjT8="></latexit>

�F (E)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✓
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.20
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.10
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.30
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇡

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Un = e�i ✓
2�n

<latexit sha1_base64="0SLEldKmVs1MgZmgrNF9ovzjZRE=">AAACC3icbVA9SwNBEN3zM8avqGBjcyQINoa7WGgjhNhYRjAayMVjbzOXLO7tHbtzQjiut/GnaGOhiKX+ATsbf4ubxMKvBwOP92aYmRckgmt0nHdranpmdm6+sFBcXFpeWS2trZ/pOFUMWiwWsWoHVIPgElrIUUA7UUCjQMB5cHk08s+vQGkey1McJtCNaF/ykDOKRvJL5ZYvD+Ei2+VeqCjLPBwA0jyr5Z7m/Yj6MvdLFafqjGH/Je4XqdQ3Tz74beOl6ZfevF7M0ggkMkG17rhOgt2MKuRMQF70Ug0JZZe0Dx1DJY1Ad7PxL7m9bZSeHcbKlER7rH6fyGik9TAKTGdEcaB/eyPxP6+TYnjQzbhMUgTJJovCVNgY26Ng7B5XwFAMDaFMcXOrzQbUZIImvqIJwf398l9yVqu6e9XaiVupN8gEBbJFymSHuGSf1MkxaZIWYeSa3JEH8mjdWPfWk/U8aZ2yvmY2yA9Yr5+PmJ8X</latexit>

V = ei�n·�
<latexit sha1_base64="yGAyRNQLNHzxVGNbNv8LOMBONWk=">AAACB3icbVDLSsNAFJ3UV42vqEtBBovgqiR1oZti0Y3LCvYBTSyTyaQdOpmEmYlQQnZu/A53blwo4taVezfi3zh9LLT1wIXDOfdy7z1+wqhUtv1tFBYWl5ZXiqvm2vrG5pa1vdOUcSowaeCYxaLtI0kY5aShqGKknQiCIp+Rlj+4GPmtWyIkjfm1GibEi1CP05BipLTUtfabVXKTUTfp08z1Q8hzFwexgq6kvQjlXatkl+0x4DxxpqR09mFWk4cvs961Pt0gxmlEuMIMSdlx7ER5GRKKYkZy000lSRAeoB7paMpRRKSXjf/I4aFWAhjGQhdXcKz+nshQJOUw8nVnhFRfznoj8T+vk6rw1MsoT1JFOJ4sClMGVQxHocCACoIVG2qCsKD6Voj7SCCsdHSmDsGZfXmeNCtl57hcuXJKtXMwQRHsgQNwBBxwAmrgEtRBA2BwBx7BM3gx7o0n49V4m7QWjOnMLvgD4/0Hakycqg==</latexit>



A comment on the higher dimensional channels

Any linear Function on a convex set, 

takes its maximum values on 

the extreme points of the set. 

Very little is known about the extreme points of 

the space of higher dimensional channels.

The talk of You-Tung Poon: Hybrid quantum error correction



⌦ =

✓
1� x y
x 1� y

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌦ =

✓
1� x x
x 1� x

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Bi-stochastic Matrix

Stochastic Matrix

A comment on Classical channels



P0 =

✓
1 0
0 1

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

P1 =

✓
0 1
1 0

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌦ = xP0 + (1� x)P1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=

✓
x 1� x

1� x x

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



⌦ =

✓
1/2 1/3
1/2 2/3

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌦�1 =

✓
4 �3
�2 3

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The inverse of a stochastic matrix! 



P2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

P1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Birkhoff Polytope

P3
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

P4
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

P5
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

P0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The space of bi-stochastic maps has a simple structure.

F (P,Q) =
X

i

p
PiQi

<latexit sha1_base64="6C+9Ww9hlTMKSc2dkWHXPOdUIAI=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpSkCroRioK4TME+oAlhMp22QyeTODMRSsjGjb/ixoUibv0Hd/6N0zYLrR64cDjnXu69J4gZlcqyvozCwuLS8kpxtbS2vrG5ZW7vtGSUCEyaOGKR6ARIEkY5aSqqGOnEgqAwYKQdjK4mfvueCEkjfqvGMfFCNOC0TzFSWvLN/euKc9w4unBlEvopzVx5J1Tq+LTh08w3y1bVmgL+JXZOyiCH45ufbi/CSUi4wgxJ2bWtWHkpEopiRrKSm0gSIzxCA9LVlKOQSC+dfpHBQ630YD8SuriCU/XnRIpCKcdhoDtDpIZy3puI/3ndRPXPvZTyOFGE49mifsKgiuAkEtijgmDFxpogLKi+FeIhEggrHVxJh2DPv/yXtGpV+6Raa5yW65d5HEWwBw5ABdjgDNTBDXBAE2DwAJ7AC3g1Ho1n4814n7UWjHxmF/yC8fENzaiYKA==</latexit>

But the fidelity is a non-linear function



Thank you for 

your attention



The explicit form of the quasi-inverse

F =
P

i(a
⇤
i ai +

1
3bi · bi

⇤)
<latexit sha1_base64="3DcbVcXECFH7feo7hbie8Zde2H4="></latexit>

F = haa⇤i+ 1
3 hb · b⇤i

<latexit sha1_base64="uLmoxaEhUpPQoOvyskoCxrFYAsM="></latexit>

E(⇢) =
P

i Ki⇢K
†
i

<latexit sha1_base64="TBiFKQu9S4Xwl0FdJdPYKO9sPKs="></latexit>

Ki = ai + bi · �
<latexit sha1_base64="TO2cEEWb2ei9a9Jfz7YL+OmLdZE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEEoSRV0I1QdCO4qWAf0IQwmUzaoZOZMDMRSujKjb/ixoUibv0Gd/6N0zYLbT1w4XDOvdx7T5gyqrTjfFsLi0vLK6ultfL6xubWtr2z21Iik5g0sWBCdkKkCKOcNDXVjHRSSVASMtIOB9djv/1ApKKC3+thSvwE9TiNKUbaSIF9cBvQSxTQk9wLYxiOAurhSGjoKdpLUGBXnKozAZwnbkEqoEAjsL+8SOAsIVxjhpTquk6q/RxJTTEjo7KXKZIiPEA90jWUo4QoP5+8MYJHRolgLKQpruFE/T2Ro0SpYRKazgTpvpr1xuJ/XjfT8YWfU55mmnA8XRRnDGoBx5nAiEqCNRsagrCk5laI+0girE1yZROCO/vyPGnVqu5ptXZ3VqlfFXGUwD44BMfABeegDm5AAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBeXJhu</latexit>



The explicit form of the quasi-inverse

F = haa⇤i+ 1
3 hb · b⇤i

<latexit sha1_base64="uLmoxaEhUpPQoOvyskoCxrFYAsM="></latexit>

ha⇤ai+ hb · b⇤i = 1
<latexit sha1_base64="6hpIf0i0wSFOrt8TeVn8vSInoQ8=">AAACJXicbVDLSgMxFM34rPVVdekmtAiiUGbqQhcKg25cVrCt0BnLnTRTg5nMkGSEMvQv/AI3/oobFxYRuvJXTF+grQcC555zLzf3BAlnStv2wFpYXFpeWc2t5dc3Nre2Czu7dRWnktAaiXks7wJQlDNBa5ppTu8SSSEKOG0Ej1dDv/FEpWKxuNXdhPoRdAQLGQFtpFbh3OMgOpxiuD/C4MlRcTwVMy8IcdDzSDvW0+L+aNJ14bQKJbtsj4DniTMhJbfoHT8P3G61Veh77ZikERWacFCq6diJ9jOQmhFOe3kvVTQB8ggd2jRUQESVn42u7OEDo7RxGEvzhMYj9fdEBpFS3SgwnRHoBzXrDcX/vGaqwzM/YyJJNRVkvChMOdYxHkaG20xSonnXECCSmb9i8gASiDbB5k0IzuzJ86ReKTsn5cqNU3Iv0Rg5tI+K6BA56BS56BpVUQ0R9ILe0AfqW6/Wu/VpfY1bF6zJzB76A+v7B1q7p4g=</latexit>

F (E) = 1� 2
3 hb · b⇤i

<latexit sha1_base64="+dMfswvK3Z8qDMfR2Qk028h1ky4="></latexit>

B↵,� = 1
2 hb↵b

⇤
� + b⇤↵b�i

<latexit sha1_base64="bP8wFjPs7GynnXqIvP+sCsPLsb8="></latexit>

F (E) = 1� 2
3Tr(B)

<latexit sha1_base64="zLTOr6STGsiYur9660Q4UEYIQoc="></latexit>

Trace-Preserving Property



Eqi � E =
P

i V Ki⇢(V Ki)†
<latexit sha1_base64="hqj9pjej3Cf6DMPx/9szqq/nJh8="></latexit>

V = x0 + ix · �
<latexit sha1_base64="V6xJNITQLCkyqU+YZ/e9AIU1LFI=">AAACA3icbVDLSsNAFJ3UV62vqOBCN4NFEISS1IVuhFI3LluwD2hCmEwm7dBJJsxMpCUU3PgrbkQUcevOL3Dnxm9x+lho9cCFwzn3cu89fsKoVJb1aeQWFpeWV/KrhbX1jc0tc3unKXkqMGlgzrho+0gSRmPSUFQx0k4EQZHPSMvvX4791g0RkvL4Wg0T4kaoG9OQYqS05Jn7zYuBZ53QzPFDOBg5OOAKOpJ2I+SZRatkTQD/EntGipW9+hd9rL7XPPPDCThOIxIrzJCUHdtKlJshoShmZFRwUkkShPuoSzqaxigi0s0mP4zgkVYCGHKhK1Zwov6cyFAk5TDydWeEVE/Oe2PxP6+TqvDczWicpIrEeLooTBlUHI4DgQEVBCs21ARhQfWtEPeQQFjp2Ao6BHv+5b+kWS7Zp6Vy3S5WqmCKPDgAh+AY2OAMVMAVqIEGwOAW3IMn8GzcGQ/Gi/E6bc0Zs5ld8AvG2zfuJprG</latexit>

Ki = ai + bi · �
<latexit sha1_base64="PUmcpn7YWr+ndtGdMedn24VDk6c=">AAACBXicbVDLSsNAFJ3UV62vqOBGF4NFEISS1IVuhFI3gpsW7AOaECaTSTt0kgkzE6GEbtz4K266UMStG7/AnRu/xeljoa0HLhzOuZd77/ETRqWyrC8jt7S8srqWXy9sbG5t75i7e03JU4FJA3PGRdtHkjAak4aiipF2IgiKfEZafv967LfuiZCUx3dqkBA3Qt2YhhQjpSXPPLr16BXy6Fnm+CH0hx51cMCVI2k3Qp5ZtErWBHCR2DNSrBzUv+mo+lHzzE8n4DiNSKwwQ1J2bCtRboaEopiRYcFJJUkQ7qMu6Wgao4hIN5t8MYQnWglgyIWuWMGJ+nsiQ5GUg8jXnRFSPTnvjcX/vE6qwks3o3GSKhLj6aIwZVBxOI4EBlQQrNhAE4QF1bdC3EMCYaWDK+gQ7PmXF0mzXLLPS+W6XaxUwRR5cAiOwSmwwQWogBtQAw2AwQN4As/gxXg0Rsar8TZtzRmzmX3wB8b7D968m+I=</latexit>

�F (E) = 2
3

�
x0 xt

�
Q(

x0

x
)

<latexit sha1_base64="HTYBCEMrVCdDM928n9qlWZWLOwQ="></latexit>

The quasi-inverse



M = O1 ⇤ O
t
1

<latexit sha1_base64="hTeBJzgOETspj1KGuIFOmFY8hII=">AAAB/3icbVBLSwMxGMzWV62v1YIXL6FF8GLZrQcFEYpePChWsA/orks2m7ah2eySZIWy9uBf8eJBEa/+CQ/e/CHeTR8HbR0ITGa+IV/GjxmVyrK+jMzc/MLiUnY5t7K6tr5hbm7VZZQITGo4YpFo+kgSRjmpKaoYacaCoNBnpOH3zoZ+444ISSN+o/oxcUPU4bRNMVJa8szty5Mrz3agc6EzAYIO1Ndb5ZlFq2SNAGeJPSHFSuF4n3/kv6ue+ekEEU5CwhVmSMqWbcXKTZFQFDMyyDmJJDHCPdQhLU05Col009H+A7irlQC2I6EPV3Ck/k6kKJSyH/p6MkSqK6e9ofif10pU+8hNKY8TRTgeP9ROGFQRHJYBAyoIVqyvCcKC6l0h7iKBsNKV5XQJ9vSXZ0m9XLIPSuVru1g5BWNkwQ4ogD1gg0NQAeegCmoAg3vwCJ7Bi/FgPBmvxtt4NGNMMnnwB8b7D2Mul2U=</latexit>

=E
<latexit sha1_base64="Kid1hn0tzWbACv3rl/5yKrqio/g=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGN1O/9cSU5rF8MOOE+REOJA85RWOldtalKMjtpFcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwis/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp/Ua5d53EU4BhO4Aw8uIQa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+oPY+3</latexit>

Ec
<latexit sha1_base64="aTlmvmbgf26s0xNoTuWBhZ5pFjE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+4FtKJvppl262YTdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVyBoYi1i1A6qZ4JI1DDeCtRPFaBQI1gpGN1O/9cSU5rF8MOOE+REdSB5ypMZKj1kXqSC3kx72SmW34s5AlomXkzLkqPdKX91+jGnEpEFBte54bmL8jCrDUbBJsZtqllAc0QHrWCppxLSfzS6ekFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNkzhfFKaCmJhM3yd9rhgaMbaEouL2VoJDqigaG1LRhuAtvrxMmtWKd16p3l+Ua9d5HAU4hhM4Aw8uoQZ3UIcGIEh4hld4c7Tz4rw7H/PWFSefOYI/cD5/AB56kI0=</latexit>

V
<latexit sha1_base64="XdDtjAaFD2pJic3yHCrnDgrLSHc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnaxHUZDWtF+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w/CEo/I</latexit> V�1

<latexit sha1_base64="83GeEiwGDwJUZ7nGZ54pMC1uBmA=">AAAB9HicbVDLSsNAFL3xWeOr6tLNYBHcWJK60I1YdOOygn1AG8tkOmmHTiZxZlIoId/hxoVS3Pob7t2If+P0sdDWAxcO59zLvff4MWdKO863tbS8srq2ntuwN7e2d3bze/s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv9m7FfH1CpWCTu9TCmXoi7ggWMYG0kL20RzFEte0hP3aydLzhFZwK0SNwZKVx92Jfx6MuutPOfrU5EkpAKTThWquk6sfZSLDUjnGZ2K1E0xqSPu7RpqMAhVV46OTpDx0bpoCCSpoRGE/X3RIpDpYahbzpDrHtq3huL/3nNRAcXXspEnGgqyHRRkHCkIzROAHWYpETzoSGYSGZuRaSHJSba5GSbENz5lxdJrVR0z4qlO7dQvoYpcnAIR3ACLpxDGW6hAlUg8AhP8AKv1sB6tkbW27R1yZrNHMAfWO8/ghmU7A==</latexit>

A special subclass

Twisting Un-twisting

M = M t
<latexit sha1_base64="RzCUjx80PcAHELjDZ6d1WqFhIDs=">AAAB7HicbZC7SgNBFIZnvcb1FrW0GQyCVdiNhTbBoI1NIIKbBJI1zE5mkyGzs8vMWSEseQYbC0WsBF/F3kZ8GyeXQhN/GPj4/3OYc06QCK7Bcb6tpeWV1bX13Ia9ubW9s5vf26/rOFWUeTQWsWoGRDPBJfOAg2DNRDESBYI1gsHVOG/cM6V5LG9hmDA/Ij3JQ04JGMurlqt30MkXnKIzEV4EdwaFiw+7nLx92bVO/rPdjWkaMQlUEK1brpOAnxEFnAo2stupZgmhA9JjLYOSREz72WTYET42TheHsTJPAp64vzsyEmk9jAJTGRHo6/lsbP6XtVIIz/2MyyQFJun0ozAVGGI83hx3uWIUxNAAoYqbWTHtE0UomPvY5gju/MqLUC8V3dNi6cYtVC7RVDl0iI7QCXLRGaqga1RDHqKIowf0hJ4taT1aL9brtHTJmvUcoD+y3n8ArE6Rlw==</latexit>

Symmetric affine matrix



Q = 1
2

✓
0 vt

v 2 bB

◆

<latexit sha1_base64="tnXh7lXdt3oZ9gHDfKdz3BYKT+o="></latexit>

�F = 2
3 Max (�max, 0)

<latexit sha1_base64="kjwNkJ69ADvFpRsAZ7Boy1yyP5E="></latexit>

v = iha⇤b� ab⇤i
<latexit sha1_base64="WlPsz7rjRzn9d9gn3ErLZKL70/w=">AAACFnicbZDLSsNAFIYnXmu9VV26GVoEUSxJXehGKLpxWcFeoInlZDqpg5NJmJkUSshT6MJXceNCEbfirm/jNO3C2w8DH/9/DmfO8WPOlLbtsTU3v7C4tFxYKa6urW9slra2WypKJKFNEvFIdnxQlDNBm5ppTjuxpBD6nLb9u4tJ3h5SqVgkrvUopl4IA8ECRkAbq1c6Sl0/wMPsjLkcxIBTDDcHuednRzCDmwNX5mGvVLGrdi78F5wZVOpl9/BhXB81eqVPtx+RJKRCEw5KdR071l4KUjPCaVZ0E0VjIHcwoF2DAkKqvDRfK8N7xunjIJLmCY1z93tHCqFSo9A3lSHoW/U7m5j/Zd1EB6deykScaCrIdFCQcKwjPLkR7jNJieYjA0AkM3/F5BYkEG0uWTRHcH6v/BdatapzXK1dOZX6OZqqgHZRGe0jB52gOrpEDdREBN2jJ/SCXq1H69l6s96npXPWrGcH/ZD18QVT4KHU</latexit>


